We propose an accurate and precise method for measuring the Young's modulus of MEMS with comb drives by electronic probing of capacitance. The electronic measurement can be performed offchip for quality control or on-chip after packaging for self-calibration. Young's modulus is an important material property that affects the static or dynamic performance of MEMS.
Introduction
Young's modulus is one of the most important material properties that determine the performance of many micro electro mechanical systems (MEMS). There have been many methods developed for measuring the Young's modulus of MEMS. For example, Marshall in [1] suggests the use of laser Doppler vibrometer for measuring the resonance frequency of an array of micromachined cantilevers to determine Young's modulus. This method requires the use of laboratory equipment, and requires the estimation of local density and geometry which can introduce significant error. The uncertainty of this method is reported to be about 3%. In [2] , Yan et al. uses a MEMS test to estimate Young's modulus using electronic probing. Yan's method requires the estimates of many unknowns, including parasitic capacitance, gap spacing, beam width, beam length, residual stress, permittivity, layer thickness, fillets, and displacement, which can introduce significant Each data point corresponds to a different method to measure the polysilicon at various facilities. Data by Sharpe [4] . The average measurement is 160GPa (red dashed line), with extreme values of 95GPa and 240GPa.
error in the measurement of Young's modulus. As a last example, in [3] , Fok et al. used an indentation method for measuring Young's modulus. I.e. an indention force is applied causing surface deformation. The size of the deformed area is used to estimate Young's modulus, with unreported uncertainty. Although our proposed method also uses an electronic probing method, the key differences between our method and all others reported are that key unknowns are eliminated in our method, and the uncertainty in measurement is quantifiable with just a single measurement.
Presently, there is no ASTM standard for measuring micro-scale Young's modulus. This difficulty in developing a standard has to do with various methods not agreeing with each other and the difficulty in tracing the micro-scale measurement to an accepted macro-scale standard.
The need for an efficient and practical method for measuring the Young's modulus is critical due to process variation and the dependence of MEMS performance on Young's modulus. Fig. 1 shows the variation in the Young's modulus of polysilicon (the most common MEMS material). The data was collected from various fabrication runs, fabricated at . The layout width of the flexure is exactly 2m, the corresponding fabricated width w is slightly less than 2m, the thickness h is about 20m, and the curvature of radius  of a fillet is about 1.5m. The layout geometry of this structure is prescribed with sharp 90 degree vertices; however, fillets form at all vertices as a consequence of the inaccurate fabrication process. Fillets appear to be unavoidable in today's fabrication technology. various facilities, measured by various research groups, and using various measurement methods.
In addition to variations in material properties, upon fabrication there are also variations in geometry that can significantly affect performance. In [5] , Zhang did some work to show the high sensitivity between geometry and performance. It was found that a small change in geometry could lead to a large change from the predicted performance. In Fig. 2 , we show the image of a fabricated device. Typically, widths, gaps, and lengths are modified from layout Eigen-frequency analysis for modes 1 and 2 between the nonfilleted and filleted structures. The relative errors of modes 1 and 2 are -2.50% and -2.45%, respectively. The filleted beam has higher resonance frequencies due to increased stiffness from the fillets. The mass of the fillets has a negligible effect because the location of the fillet is at a position that moves the least.
geometry, and the sharp 90 degree corners became filleted. A benefit of fillets is that they reduce stress at the vertex upon beam bending. However, most models found in the literature ignore fillets, which actually have a measureable stiffening effect on beam deflection. Our method predicts the Young's modulus by including the presence of tapered beams to nearly eliminate the effect of fillets, and uses the measurement of stiffness to determine the Young's The relative error between the static defections is 0.091%, which is small and causes a change in about the fourth significant digit. The filleted beam has a slightly smaller deflection due to the increased stiffness due to the fillets. (d)-(e) Eigen-frequency analysis for modes 1 and 2 between the non-filleted and filleted tapered structures. The relative errors of modes 1 and 2 are -0.080% and -0.075%, respectively. The filleted beam has slightly higher resonance frequencies due to increased stiffness from the fillets.
modulus. Our analytical model for determining the stiffness and Young's modulus closely matches finite element analysis. The rest of the paper is organized as follows. In Section 2 we compare the effect of fillets due to fabrication upon beams with and without tapered ends. In Section 3, to obtain the Young's modulus we develop an analytical expression for the tapered beam which nearly eliminates the presence of fillets. In Section 4 we overview our method of electro micro metrology (EMM) for measuring the stiffness. In Section 5, we provide a simulated experiment to verify our method to extract Young's modulus. Last, we conclude our findings in Section 6.
Filleted versus tapered beams
One problem with determining the Young's modulus of a flexure is the presence of fillets that appear at the locations of acute vertices. See Fig. 2 . The presence of fillets tends to increase the effective stiffness of the flexure compared to having a sharp 90-degree vertex without a fillet. The effect of the fillet significantly affects static displacement and resonant frequency. For example, in Fig. 3 we compare the static displacement and resonant frequency of beams with and without fillets. The beams are identical in every other way. The beams have length of 100m, width of 2m, thickness of 20m, anchors of size 22m on a side, Young's modulus of 160GPa, Poisson's ratio of 0.3, density of 2300kg/m 3 , and vertical tip force of 50N. The filleted beam has a radius of curvature of 1.5m. Simulations are done using finite element analysis using Comsol [6] with a high mesh refinement of over 32k linear quadratic elements and over 130k degrees of freedom. Fig. 3a shows the mesh quality about the filleted region where the beam attaches to the anchor. Figs. 3a and 3b show static deflection of non-filleted and filleted cantilever beams. The relative error between the two types is 3.66%, where the filleted beam has a smaller vertical displacement due to increased stiffness from its fillets. And Figs. 3d and 3e show Eigen-frequency analysis between the non-filleted and filleted cantilevers. The relative error between the two types is -2.50% for mode 1 and -2.45% for mode 2, where the filleted beam resonates at higher frequencies due to increased stiffness due to the fillets. It is clear that fillets have a significant affect in the static and dynamics performance of MEMS. The analyst's problem is that it is difficult to predict what the radius of curvature will be for any one fabrication. To address this problem, we propose to reduce the effect of fillets on flexures by prescribing tapered beam sections between the beam and anchor. Since a tapered beam would have large obtuse angels, instead sharp acute angles, any fillet that forms during fabrication should have a smaller effect on static and dynamic performances.
For example, using the same static and Eigenfrequency analysis for un-tapered beams shown in Fig. 3 , in Fig. 4 we explore tapered beams. With a high mesh refinement of over 42k linear quadratic elements and over 170k degrees of freedom, Fig. 3a shows the mesh quality about the filleted region where we have placed a tapered beam between the straight beam and the anchor. Figs. 3a and 3b show static deflection of non-filleted and filleted tapered cantilever beams. The relative error between the two types is 0.091% (versus 3.66% for non-tapered cantilevers). The filleted beam has a slightly smaller vertical displacement due to increased stiffness from its fillets. And Figs. 3d and 3e show Eigen-frequency analysis between the non-filleted and filleted tapered cantilevers. The relative error between the two types is -0.080% for mode 1 and -0.075% for mode 2 (versus -2.50% and -2.45% for non-tapered cantilevers). The filleted tapered cantilever resonates at slightly higher frequencies due to increased stiffness due to the fillets.
It is clear that tapering a flexure at the ends reduces the significance of fillets. Although we do not study it here, we believe that a curved tapering (i.e. tapered sections with curved sidewalls) that has a radius of curvature that is larger than what would be expected from any fabricated fillet would completely eliminate the filleting effect from fabrication. In this study, we only consider tapered sections with straight sidewalls.
Analytical model
In this section we provide the methodology used for predicting the Young's modulus. We develop the analytical equation for finding the stiffness of a tapered element as shown in Fig. 5 by using the method given in [7] [8] , and compare the result with the stiffness obtained from FEA.
The relation that can be used for predicting the Young's modulus is
where mod el k is the stiffness from our analytical model and measured k is the stiffness from experiment such as our method of electro micro metrology (EMM) [12] . An analytical model for the net stiffness is developed by using the matrix condensation [7] technique to combine a tapered beam's stiffness matrix to a straight beam's stiffness matrix. The analytical model for the tapered beam is developed by using a method of virtual work [8] [9] . and it tappers from width w2 to w1, where
The left boundary will be anchored and the right boundary will be attached to a straight beam.
As shown in Fig. 5 , consider a 2D tapered beam compact element with 6 degrees of freedom (x, y, ) at each end node. As explained in [8] [9] a relation between complete degrees of freedom and natural degrees of freedom is obtained by constructing a transformation matrix. The flexibility matrix f for the system is created by using the method of virtual work. Each matrix element in the flexibility matrix f ij is the displacement at degree of freedom i when a unit real force is placed at degree of freedom j where all other degrees of freedom are held at zero. The flexibility matrix for the natural system is 11 12 13 21 22 23 31 32 33
By Maxwell's Theorem of Reciprocal Displacements [10] the flexibility matrix is symmetric and since f 12 = f 21 = 0 and f 13 = f 31 = 0 it's only necessary to find only f 11 , f 22 , f 33 , and f 23 .
For the tapered component shown in Fig. 5 , the cross section area along the length is
To find the flexibility coefficient, f 11 , a unit real load is placed at degree of freedom 1 in the natural system gives N(x) = 1, a virtual load placed at degree of freedom 1 in the natural system gives n(x) = 1, by using the method of virtual work for axial displacements gives
To find f 22 , a unit real load placed at degree of freedom 2 in the natural system gives the moment of To find f 23 , a unit real load placed at degree of freedom 3 in the natural system gives the moment of ( ) M x x L  , by placing a unit virtual load at degree of freedom 2 in the natural system gives the moment of ( ) 1 m x x L   . By using the virtual method for flexural displacements the flexibility coefficient is calculated to be
    
The above equations can be substituted into the flexibility matrix. The transformation matrix  from the natural to the complete degrees of freedom is [9] 1 0 0 1 0 0 0 1 1 0 1 0
The stiffness matrix for the tapered beam is   
Considering a vertically applied force located at the right free end of the flexure,
the stiffness 'seen' by the vertical displacement at the point of application of the force is   
Using the parameters of our filleted test case shown in Fig. 4c our compact model has a relative error of -0.0096%. We use (13) to determine the Young's modulus of a fabricated device. That is, we measure the fabricated stiffness using EMM, then model that stiffness using (13) without the Young's modulus since it is the unknown. We are then able measure the true Young's modulus by
Stiffness using Electro Micro Metrology
In this section we provide the theoretical basis behind the measurement of system stiffness using electro micro metrology [11] [12] . Our method involves applying the following steps to states of a structure such as the one shown in Fig. 6 .
Step 1: By applying a sufficient amount of comb drive voltage to close each gap (gap R and gap L ), the changes the capacitance (C R and C L ) are measured. We define  as the comb drive constant, which is the ratio of change in comb drive capacitance to displacement. It is expressed as
Step 2: The displacement of the comb drive is measured using the relation in (15) as
Step 3: The comb drive force is defined as
Step 4: The system stiffness is defined as k F y   .
Using our expressions of displacement (16) and force (17), nonlinear stiffness can be expressed as (18) is 0.138%.
Simulated Experiment
We use a simulated experiment (SE) as our form of measurements. This is primarily because presentday experimental measurement methods for Young's modulus have unknown accuracy and an uncertainty larger than numerical error. In SE, we emulate measurements of capacitance, because capacitance would be one type of measurement that is available in a true experiment.
As discussed in Section 5, by measuring the capacitance required to close 2 unequal gaps, we are able to obtain system stiffness (18) of the structure under test.
Comb drive constant. To maximize precision through convergence analysis through finite element mesh refinement using a maximal number of elements, we model the comb drive constant separately from mechanical properties of the structure. By assuming that each comb drive finger can be modeled identically in their totality, we model a single comb finger section as shown in Fig. 7 . Using 21k quadratic finite elements, the comb drive constant converges to Stiffness. Using 34k mechanical elements, we apply a comb drive force using a voltage of 50V and simulate the corresponding change in capacitance (see Fig. 8 ). Substituting these values into (18), we find the SE stiffness of our structure to be
By substituting (19) into (14), we find the measured Young's modulus to be E measured = 160.18GPa. The true Young's modulus (i.e. the Young's modulus that we prescribed in our FEA model) is exactly E true = 160GPa. So our prediction of Young's modulus has a relative error of 0.11%.
Conclusion
Material properties and geometries as fabricated are usually turn out to be significantly different than what was predicted from simulation and layout geometry. One of the geometric changes is the formation of fillets, which have a radius of curvature that is difficult to predict, and the fillets have a significant effect on stiffness. Another change is Young's modulus, which is difficult to measure due to non-accurate measurements of stiffness. We propose to nearly eliminate the effect of fillets by utilizing tapered beams, and we propose an accurate, precise, and practical method to measure Young's X X X X V modulus by measuring stiffness. As a verification method, we test our method using our so-called simulated experiment, which shows agreement to within 0.11%.
